
ON LIAPUNOV STABILITY IN THE CRZTICAL CASE 

0P A CHARACTERISTIC EQUAT~0N WITH AN 

EVEN NUMBER 0F ROOTS EQUAL TO ZERO 

(aB ~TOXOIIXV~'L~X PO LI.~I~NOVU V m t ~ T X ~  
aLUOK~,  KO(IDA O R L I I ~ , ~ A . I ~ K ~ B  URAVa~I.Z 

On~OZ 0 ~ , 0  ~zav'am [ a u ~ x )  

PMM Voi.29, ~ i, 1965, pp.173-175 

M.S. SAGITOV and A.N. PILATOV 

(Tashkent) 

(Received September 24, 1964) 

1. We shall consider the system of equations 

dx~ 
d t  - -  P s l  x l  + " " " + Ps ,  n+2mZn+2m+ Xs (xl '  x2 . . . . .  xn+2m) 

(1.1) 
( s =  i . . . . .  n - ~ - 2 m )  

2 m < n  

with assumption that the characteristic equation 

P n  - -  kP*~ • " • Pl,  n+2m I =  0 (t.2) 
. . . .  . . . . . .  . . . . . . . .  

Pn+2m. 1 P 2 " ' ' P n + 2 m ,  n+2m - ~  

has an even number 2 m ( m ~  !) of roots equal to zero corresponding to which 
there are m groups of solution of the first approximation equations 

d x s  (s = t ,  . ,  n #i- 2m) (t.3) 
d t  - - P s l X l - ~ - ' ' ' 2 c P s ,  n+2mxs,  n+2m "" 

We shall assume that the roots of Equation ~I.~ which are not equal to 
zero have negative real parts, and that the Xs(Xs(O,O,...,O)--~_O) are 
holomorphlc functions of the quantities x,, x~,..., xn+2m ; the series expan- 
sions of these functions do not have any terms of order inferior to the 
second. 

The purpose of the problem is the determination of the conditions for 
which the solution 

x l  = x~ =- . . . = xn+2m = 0 (t .4) 

of Equations (i.i) is stable or unstable, according to Liaplnov. The case 
which occurs when Equation (1.2) has two roots equal to zero (m . l) has 
been studied at length by Liapunov [I] and Kamenkov [2]. 

Kamenkov has also investigated in [2] the case in which the characteris- 
tic equation has: p roots equal to zero, to which correspond p groups of 
solutions, .~ purely imaginary roots, and also r roots with negative 
real parts Ithe sum p + ~ + r is equal to the order of the system). We 
shall mentlon also that the case in which the characteristic equation has k 
rooSs equal to Zero, corresponding to which there are k -- 1 groups of solu- 
tlons, and where k is the order of the system, has been considered in [3]. 
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In this paper, following the ideas of [lJ, we study the case in which the 
characteristic equation (I.S) has an~ even number of roots equal to zero 
(m • I). Some restrictions are imposed on the function ~, and are mentioned 
below. 

~, For the assumptions made, and by means of a few constant coefficient 
linear transformations, the system (1.1) can be written as 

dz~k-~  

d t  - -  ziIt" "31- Z 2 k - 1  (Z1 . . . . .  z2rrt; 3~1 . . . .  x n )  

d t  - -  Z ~  (z t  . . . . .  z~m; x~, . . . ,  x n )  ! • ., (2. t )  

d x s  
d t  -- P s l  x l  -}- " " " "~ P s n X n  -}- X ~  (z 1 . . . . .  Z~m; x 1 . . . . .  x n )  

Without loss of generality, it can always be assumed (*) that Z~k_1 ~ 0 and 
X s -~ O, w h e n  z s ~ z~ ----- . . . ----- z ~ m  = x ~  - -  x ~  : =  . . . = x n = O.  

It is clear that the solution 

z, = z~ . . . . .  : z~ m =  x 1 =: x~ . . . . .  == x n :  0 (2 .2)  

of the system (2.1) corresponds to the solution (i.~) of the system (i,I). 
We s~a~ll oon~i~e ourselves to the invest~tlon of the stability of Equation 
(2.2) by assure/n6 that the functions Z,~ and X, have the form 

m 

~i l~--1 

-F  ~ x~(ps ( ~ )  (zl ,  z:~ . . . . .  z~m_ 1) + R (2k) (zl . . . .  , z2m; x i . . . .  , x )  

X s  = ~ xi(P~¢ (zl, z3 . . . . .  z2m_l  ) + t t~  (z 1 . . . . .  z2m; z 1 . . . . .  z~ )  

(k = t . . . . .  m ;  s ~ 1 . . . . .  n)  (2 .3)  

where the a ~ ( s k )  are oons.tants, Pit~(s'~) are linear forms o£ the variables 
xz,..., xn; ~.(~), ~o~ are nolom~rphlc funetlons, cancelllng themselves for 
z = zo~ . . = z.~. ,~0; 0 ( ) are quadr&tlc forms of the quantltles 
x 1, ~ x " R (sk)- ~'.'-*are hol~morphle functions of the variables n t .... ,as=; 
x~','.l~', whi~ ~o not include terms of these variables of order lower than 
the thlrd. 

We shall consider the function ~s (s~) (zl, z s .... , Z~m_1), determined from 
Equations 

+ 0 - 2  ° 
s = l  v = l  

( i  = t ,  . . . ,  n ;  ~ : t . . . . .  m )  

* )  T h ; t s  c a n  b e  o b t a i n e d  b y  s u b s t l t u t ~  

= ~ , ~  + ¢ s k  ( a ,  z s  . . . . .  z ~ - l ) ,  x s  = x 8  + ~ ,  ( z~ ,  z s . . . . .  z ~ _  1) 

w h e r e  ~ z k  a n d  (Ps 8 a t i s ~  ~tior~ ~k = t ,  . . . , r n ,  s----- t ,  . . . . ,  n )  

~ + z ~ _ ~  ( z .  zs . . . . .  ~ _ ~ ;  ~ , ,  ~ ,  . . . . .  ~ ;  ~ ,  qh . . . . .  ~ . )  = o 

p s ~  + . . .  -f- p , ~ x .  + );~ (z~, z~ . . . . .  z~m-~; ~ ,  ~ . . . . .  ~ m ;  oh, ~ . . . . .  ~.) =- 0 
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I t  i s  e v i d e n t  t h a t  f o r  e v e r y  f i x e d  ~ , t h e  s y s t e m  o f  e q u a t i o n s  ( 2 . ~ )  
y i e l d s  an  unambiguous  d e t e r m i n a t i o r ~  o f  t h e  f u n c t i o n s  ,s("~) fs = 1 . . . . .  n), 
w h i c h  v a n i s h  f o r  t h e  v a l u e s  z 1 ~ Za ~ . . . = zsm_ 1 =  O. 

We s h a l l  now compose a L i a p u n o v  M f u n c t i o n  o f  t h e  fo rm 

v = ~ [, + ( , -  ~ oU "~,) ..~-~l ..~ + 
?=1 k=l 

~ i  k=l k~l s~l k~l 
Here U2,,(~k) and W (2k) are, respectively, linear and quadratic forms, 

determlned~Dy the equations (*) 

--  (O*8(~k) I 
(psixl q_ + Psn~Cn ) OU.('k) ~. p 2 ~ k ) =  ~ xs _ _  (2.6) 

s=z " ' "  ax--~-~-- s=1 \ 0z21~-I Io 
n (3W(.~) n 

Calculating the total derivative of the function F with respect to ~ , 
on the basis of Equation (2.1) and taking into consideration (2.3), (2.~) 
and (2.6), we get 

d V ---- E z22 + m E xs2 -]- 5' (2.7) 
dt 

~=W~-'I { ( I - =  k=lE a2~k))z2} I'-1 [ Q(2~) _i_ v=l P.~2~)zsv-{-a2v("~)~ 2 ~  --°vSJ]f T 

Jr- E ! "Jr- i a9~ k) "27-1 • 
1~--1"-- k = l  k= l  p.=l 

- -  a% Is + 
~1 k:l k:l s:l 

+ V a~.(} ~ ~,  + ~ ~ z.~_~ + 
z.}~ ass @z2~-I 

" " " " " [ ~ , . < o ~  (a,.!"~>] 1 
+ ZZ ,.<.~>R.+ Z Z Z ~.=.~ 

k = l  S: I  k=l  ?= i  "=I [ Ozili'-I t " ~ / o J  

From Equations (7.7) and (2.8)there follows that the function V 
f i e s  t h e  i n s t a b i l i t y  t h e o r e m  o f  C h e t a e v  [ 4 ] .  T h e r e f o r e ,  
g i v e n  a b o v e ,  s o l u t i o n  ( 2 . 2 )  and t h e r e f o r e  s o l u t i o n  ( 1 . 4 )  

(2.8) 

satis- 
for the conditions 
are unstable. 

*) The subscript zero, in the last term of the first equation of (2.6), 
denotes that the derivative is taken at the point z I = z 3--- . . . = zsm_ I = 0 



190 M.S. Sagltov and A.N. P11stov 

~IBLI OGRAPHY 

i. Llapunov, A.M., Issledovanleodnogo l z  osobenn~kh sluchaev zadaohl ob 
ustolchlvostl dvlzhenila (.Analysis of a Particular Case of the Prob- 
lem of Stability of Motion). Izd.LOU, 1963. 

2, Kamenkov, G.V., Ob ustolchlvostl dvlzhenlla (On the stability of motion) 
Trudy kazan.avlats.Inst., ~9, 1939. 

3. Aban'shln, A.M., K ustolchlvostl ustanovlvshegosla dvlzhenila v sluchae 
nulevykh kornel opredellalushchego uravnenlla (On the st~billty of 

the steady state motion In the case of a characteristic equation 
having ~ roots equal to zero). Vest.len!ngr.gos.Univ., ~ 13, 1960. 
Series of Mathematics, Mechanics and Astronomy~ 3. 

4. Chetaev, N.G., Ustolchlvost' dvizhenila (Stability of Motion). Oostekh- 
Izdat, M., 1953. 

Translated by A.V. 


