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l. We shall consider the system of equations

1.1)

‘—?TG = Pyt + ...+ ps, n+2m”n+2m+ X, (z1, 2y - . - xn+2m) (3 = 1,2m. <,7’ll‘¥ 2m)
with assumption that the characteristic equation

Pin — AP « o« Py, niom —0 (1.2)

Puiom, 1 P2+ - Pniam, negm

has an even number 2m (m > 1) of roots equal to zero corresponding to which
there are m groups of solution of the first approximation equations

dx
d_t‘s =Ppufrt ... + Ps, niam®s, niam (s=1,...,n%2m) 1.3)

We shall assume that the roots of Equation (1.2) which are not equal to
zero have negative real parts, and that the X, (X;(0,0,...,0)=0) are
holomorphic functions of the quantities o, %3, ..., €,.0, ; the series expan-
slons of these functlons do not have any terms of order inferior to the
second.

The purpose of the problem is the determination of the conditions for
which the solution
T =Ty = ... = By =0 (1.4

of Equations (1.1) 1s stable or unstable, according to Lilapinov, The case
which occurs when Equation (1.2) has two roots equal to zero (m = 1) has
been studied at length by Liapunov [1] and Kamenkov [2].

Kamenkov has also investigated in [2] the case in which the characteris-
tic equation hes: p roots equal to zero, to which correspond p 8roups of
solutions, 22 purely imaginary roots, and also r roots with negative
real parts (the sum P + 2 + r is equal to the order of the system). We
shall mention also that the case in which the characteristic equation has j
roots equal to zero, corresponding to which there are % — 1 groups of solu-
tions, and where x 1s the order of the system, has been considered in [3].
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In this paper, following the ideas of [1], we study the case in which the
characteristic equation (1.2) has any even number of roots equal to zero
m > 1), Some restrictions are imposed on the function X, and are mentioned
below.

2. For the assumptions made, and by means of a few constant coefficient
linear transformations, the system {1.1) can be written as

dz,
;’;—1: z2k+ Zox s (Z15 + +  Bgy 1y - - z,)
dzyy, k=1,...,m
-d—t-zsz(zl,...,zzm; Tiy, . T (321’.“,") 2.1)
drg
= p81x1+ e P, X oy - Zg) B - - z,)
Without loss of generality, it can always be assumed (*) that Zop g = 0 and
Xs=0,when z, =z, =, =g, =2, =z,=...=z, =10
It is clear that the solutlon
Zy = 2y TR L .. TE fgy TS Iy TR Ty =S L L. TS T 5 2.2)

of the system (2.1) corresponds to the solution (1.4) of the system (1.1).
We 1 confine ourselves to the investigation of the stabllity of Equation
(2.2) by assuming that the functions Z,, and I, have the form

m m

X :
Zye= ) 22,2 4+ 3 P 2y, . w0) 2+ QW (g, L, ) +
p=1 p==1
n
-+ 2 xscps(zk) (21, 231« « s Zgpm_y) + Rk (215« o Zgmi Ty o oy T)
8=]
n
Xy = Z 2.9, (215 250 - - o5 Zgmy) T By (21s « « vy Bgpi Tps - 0, T)
i=1
k=1,...,m; s=1,...,n) (2.3)
where the a, (2k) are constants, P,,(*Y) are linear forms of the variables
Ty - - o Ty @,20), @, 8re holomerphic functions, ocancelling themselves for
Zy =gy = ... = Zg =0 (2%) ape quadratic forms of the quantities
Tys o ooy Ty R@0 are holomorphlc funetions of the variables 2,,...,x

b .
21,20 %%, Which do not include terms of these varigbles of order lower bhan
t:f:e t:h:l.rgl

We shall consider the function v %) (s, z, ..., 75, ), determined from
Equatlons
n m @
Y @t ) 0+ [t (1 — X a5, ®) 2] €M =0 (2.4)
§=1 y==}

(i=1,..,n p=1,...,m)

*) This can be obtained by substituting
Ty = —zzk + Yap (315 Z30 -+ o5 Zgmmg)s =, Gy (2, Zg - o o Zam-1)

where v, and @, satisfy Bquations (k=1,...,m,s=1,...,1n)

1|72k + Zg];_l (zlv Zgy o - oy zgm_l; \Pm \Pu LEREEE] ‘Pm; Py Pgy < - s (P“) =0
Pu%i+ .- - -+ pma:ﬂ—{- X, (215 255 -« 3 Zgppys Yo, Wy - - "‘sz; Py Pas -+ oy q;n) =
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It is evident that for every fixed u , the system of equations (2.4)
ylelds an unambiguous determination of the functlons ¢ @w ye=1.....n),
which vanish for the values z = z3=...=3,, ,=0. 3

We shall now compose & Liapunov V¥ function of the form

m m
V= 2 1+ (1 — ,Z‘l am(zk’\) zzp_l] 2, +

p=1

m m m n m
+ 2 2 Uzp(zk) Zop. T 2 W(zk) T 2 2 $s¢§(2k) (2.9)
k=1

p=1 k=1 s=1 k=1

Here UZH(M) and W(2k) are, respectively, linear and quadratic forms,
determined by the equations (%)

n n
oU 2k P (2k)

D (Par+ - -+ Penn) __Ti**_ + P = — ) a (_azs__) (2.6)
s=1 s s=1 2p-1 70

n n

aw 20
D) (Bygr ot Pegme) To— + Q= B a2
8=] § s=1

Calculating the total derivative of the function ¥ with respect to ¢ ,
on the basis of Equation (2.1) and taking into consideration (2.3), (2.4)
and (2.6), we get

m n
w—1 s=1
m m m
s="3 {(1 _— aszk)) fapn [Q(zp) 3 (pg(vau)zvar azﬁzp’zéﬂ} n
=1 k=1 v=1
m m N m m
(2k (2 (2k
+ [1+(1- > ))zzp_ljﬁ W 3 > ULz, +
p=1’ k=1 k=1 p=1
(2.8)
- b Dy aWEn
2
““2(1"2“2(»» ))zzwzzu—1+2 2 o Xst
p=1 k=1 k=1 s=1 §
m m n m m n
U (2k) : a.lp (2k)
T2 2D X8+ZZZ”8 - 2u-1T
7} Bz,
k=1 p=18=1 k=1 p=1 8= Bl
m n m m n Y
P (2k) ap (2k)
i
(B wn 833 e [ (7))
k=1 8=1 k=1 p=] 8=1 2p-1 2p~1 " g

From Equations (2.7) and (2,8) there follows that the function ¢ satis-
fles the instability theorem of Chetaev [4])., Therefore, for the conditions
given above, solutlion (2.2) and therefore solution (1.45 are unstable,

#)  Tne subscript zero, in the last term of the first equatlon of (2.6),
denotes that the derivative 1s taken at the point z =z, = ... =12, , =
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